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855. 
SOLUTION OF (a, b, c, d)=(a, b, &, d’). 


[From the Messenger of Mathematics, vol. xv. (1886), pp. 59—61.] 


Ir is required to find four quantities (no one of them zero) which are in some 
order or other equal to their squares, say 


(a, b, œo d)=(a?, B, o, a’). 


Supposing that the required quantities (a, b, c, d) are the roots of the biquadratic 
equation 
at + pè + qa? +ra+s=0, 
(s not =0), then the function 


(at + q +s} —(pa*+re) must be =a + pa +qat+ra’ +s; 
and we have thus the conditions 
Wq-p=p, 2s+¢-—2pr=q, %ws-r=r, $=8, 
the last of which (since s is not =0) gives s=1, and the others then become 
24 =p +p, 2(pr-lh=q@-g, 2q=°+r; 


viz. regarding p, q, r as the coordinates of a point in space, this is determined as 
the intersection of three quadric surfaces, and the number of solutions is thus = 8. 


We, in fact, have 2g=p*+p=r+r; that is, pp+p=r°+r, or (p—r)(ptr+1)=0; 
hence r=p or r=—1—p. g 


First, if r=p; here 2q =p +p, 2(p*—1)=q*—q: the last equation multiplied by 
4 gives 
8(pP-1)=(p+p)(P+p-2), =p(p—1)(p +2), 


that is, p—1=0 or p+ 2p- 8=0. 
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If p—1=0, then either p=1, giving q=1, r=1, and hence the equation is 
a+a?+a*+e2+1=0; or else p=—1, giving g=0, r=—1, and hence the equation is 
a —a—a+1=0, that is, (x —1} (+s+ 1)=0. 


If p?+2p—8=0, then either p=2, giving g=3, r=2, and hence the equation is 
at + 2a + 3a? +20 +1, that is, 
(##+e+1P=0; 


or else p=—4, giving g=6, r=—4, and hence the equation is a*— 4a’ + 6a? — 4e +1=0, 
that is, (a#—1)'=0, 


Secondly, if r=—1—p; here 
%Q=p +p, 2(-p*-p-l=F-4q; 
the last equation multiplied by 4 gives 


8(-p-p-1)=(p+p)(pP+p-2) 
that is, 


pP +2p +TP +6p+8=0, or (pP +p +4) (pP +p +2)=0. 
If p'+p+4=0, then p=4{- 1 +iy(15)}, whence 
r=ġ{—-1+iy(15)}, 29=p +p, =—4, or gq=—2; 
and the equation is 
a+ 4 {— 1 tiy(15)} a — 2a + $ {[-1 tiv(15) e +1=0. 
If p +p+2=0, then p=ġ{—1+iy(1)}; whence | 
r=${-ltiv(7)}, =p +p =-2, or q=-1; 
and the equation is 
+f- liy(T)} e—ethl{[—-ltiv(}e+1=0, 
that is, 
(@— 1) [+4 {1 +iv(7)} +h- 1i) e-1]=0. 
We thus see that the eight equations are 
(æ@—1ř=0, 
(f@+a+1P=0, 
(7-1) (+ +a+1)=0, 
a+ae+a+o+1=0, 
(@—1) {a8 +4 (1 4i7) a8+4(-—Ltiv7) 2-1) =0, 
a+b (—1L tiv 15) a? — 2a + $(-1 FiV15)a+1=0, 
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and it hence appears that, writing y, e, @ to denote respectively an imaginary cube 
root, fifth root, and seventh root of unity, then the values of (a, b, c, d) are 

pA n = hs Nas A be 

Ti FE os Ow 


viz. for each of these systems we have the required relation 
(a, b, c, d)=(a*, b c*, A). 


It may be noticed that out of the eight equations we have the following three 
which are irreducible :— 


+++ =O, 
a +4 (—1+iy15)a— 2+4 (—1-—iy15)s+l=0, 
at +4(—1—i/15) of — 228 +4 (—14i15)e4+1=0. 
Each of these is an Abelian equation, viz. the roots are of the form 
a, O(a), (a), ® (a), (=a, a, at, a’), 


where (a) =a, not identically but in virtue of the value of a, viz. we have 6*(a)=a"*=a, 
in virtue of a@®=1: (in the first equation a’=1, and therefore a®=1; in each of 
the other two, a® is the lowest power which is = 1). 


In the first equation, we have evidently 
C+ e+e+a+1 
as the irreducible factor of #—1. 
The second and third equations combined together give 
(at — ġa — 2a — da +1) +48 (a? — «P= 0; 


that is, 
@— a + 2 — a+ a—v2+1=0, 


where the left-hand side is the irreducible factor of #*— 1. 
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